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INTRODUCTION

Let CrI denote the space of r-times continuously differentiable functions
on the interval I = [b, c] of the real line R. The question of uniqueness of
best approximation of functions in C*/ by functions in a finite-dimensional
subspace, with respect to various norms, has been investigated in several
papers. For example, Garkavi [3] examines the problem using the ordinary
supremum norm

171l = sup [ f(ol,
while Moursund [7] and Johnson [5] use the norm

1A= max[| flls , 1P o ey [ F ]

In this paper we consider uniqueness of best approximation in certain
classes of normed spaces which include, e.g., C*I with the norm

/1 = max[| f(@I, | fP@),.... | f @), 1 £ 1l],

1 < p < oo, where || - ||, denotes the L?” norm and a is a fixed point in 1.
Applied to these norms, Sections 24 yield results in the cases p = o,
1 < p < o, and p = 1, respectively.

In Section 1, the classes of normed spaces to be treated are described, and
a representation for continuous linear functionals on these spaces is obtained.
In Sections 24, various subclasses of these normed spaces are investigated.
The results of Section 2 are obtained by realizing the spaces there as spaces
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of continuous functions on a compact topological space and then applying
the Haar condition as generalized by Rubenstein [3, p. 94]. The results of
Sections 3 and 4 are obtained by using the representation of Section 1 and the
Hahn-Banach Theorem. Section 5 is a remark concerning certain other
norms.

1. PRELIMINARIES

Let B be any normed linear space with norm || - ||z . Let .S be a vector space,
and T a nonzero linear transformation from S into B such that the nullspace
2(T) has a finite dimension r. Further, let {£*}7_, be a set of r linear
functionals on S which are independent on »(T).

ExaMPLE. LetS = C7I, the space of all r-times continuously differentiable
functions on I = [b,c]CR, &*f = fl*(a), « = 1, 2,..., r, for some fixed
acl and Tf = f. Then T(S) = C°I and »(T) is the set of all polynomials
of degree << r — 1. We can take B = L?I, the space of all Lesbesgue p-th
power integrable functions on /, with the usual norm || - ||, , 1 << p < o0.

DeFINITION.  If f€ .S, define || || = max[max, | Z*f{, || Tf 5]

It is easily seen that || - || is a norm on S. Indeed, |j Tf||p fails, in general,
to be a norm on S only because the nullspace of T is not necessarily the zero
element alone. The information contained in the numbers {£%f}7_; is, in a
sense, the minimum that must be added to obtain a true norm.

THEOREM 1. If L € S*, the dual of S, then there exist constants ¢y , Cy ..., C;
and u € B* such that Lf = ¥;_y ;% f + w(Tf), for all f in S, and

[ Llse= 3 lest -+l gl
j=1
Proof. If feS;=SnNy(LYN - Ny(L), then || f|| = || Tf )]z - So on
Sy, Lf = u(If) for some pe B* with || plixs)« = pllp« (by using the
Hahn-Banach theorem to extend a bounded linear functional from 7(S,) to B

while preserving the norm). Now let e;en(T), j=1,2,.,r, so that
Lle; = 8,1, j=1,2,..,r.If f S, then f — Z:-=1 (ZL%)e;, €S, ,and we have

1= 3 e) £f = L] 7= 5 (@l
—u(r]r= L @nel) = uap.

Hence Lf = w(If) + Xi, (Le) Lf = w(Tf) + Xiy e L.
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From this, we have

T

LAl < Tf sl pllox + X es | | £
=1

< (Il + 3, 1 col) maxtmax | 21, 7715

f==1
- (w o + z e, |} 11

Thus || Lllse < || pllge + Sica | e -
On the other hand, we can choose an f<.S; such that || Tf|; = 1 and
MTf) = |l pllpr — € since || pllr(s)s = || wllp« . Let fyen(T) be such that

Lify =sgne;, j=12..,r
Thus f + f; is such that
i T(f ‘f‘fl)”a =1 and ,?’(f +f1) =sgnc;, j= 1,2,..,r.

Hence |f+fill =1 and L(f+ /) =l pller — € + ica [ ;. But e is
arbitrary. Q.E.D.

If V' is a subspace of S, we say that ge V' is a best approximation of an
element f of S if

If—gll=inf[f—hl=p. oy
heV

It is clear that the set P of best approximatio'ns in ¥V of a function in § is
convex.

DErFINITION. By the dimension of a convex set P in a finite-dimensional
vector space we mean the largest integer k for which there exist points
8182 5s ks IN P such that g, — gei1, 82 — 8r41 5> & — &ryy are linearly
independent. If P consists of a single point, the dimension of P, dim P, is 0.
If P is empty, dim P = —1. The maximum dimension of sets P,(f) of best
approximation in V of points fin S(2 V) is called the rank of V. Following
[10], we say that V is r-semi-Tchebycheff or r-Tchebycheff if, for all fin S,
—1 < dim Pu(f) < ror 0 < dim Py(f) < r, respectively. “O-Tchebycheff”
is abbreviated to “Tchebycheff.”]

In terms of this definition we see that if ¥ is finite-dimensional, then ¥ has
rank < rif and only if V is r-Tchebycheff. In particular, a finite-dimensional
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subspace V is a space of unique best approximation for any function in S if
and only if V is TchebychefT.
We now state a corollary to Theorem 1 to which we will refer in the sequel.

COROLLARY 1. For eachfeS, thereexists Le S*, L =3 ,_, ;¥ + uT 0,
such that, whenever (1) holds,

¢Z(f—g) = l¢lp, 1<j<r,
wWT(f =) =1T(f — sl plls~,

and
1T/ ~8ls=p i p#0.

Proof. From a well-known corollary to the Hahn-Banach Theorem,
there exists L in $* with

L(V)={0}, [Llsx=1, and L(f) =p. 2

By Theorem 1, | L{ls« = 31| ¢; | + || p|lp= . Then

r

p=Lf)=Lf— g =} Z(f— g + iT(f — g))

j=1

S Yl HHESf =D+ 1T — s Il s
i=1

< (% ot 1) maximax | 22 = L1 TG = ]

=1-lf—gl=p
Thus, ;L (f —g) = | ¢; | p, 1 <J<r,lT(f—g) = T(f — &llz |l &=,
and | T(f — g)lls = p if p #40. Q.E.D.

2. B=CX

In this section, let B == CX, the space of continuous functions on the
compact Hausdorff space X with norm || - ||, .

DrerFINITION. A subspace V of S, of dimension », has property H( p) if,
for any linearly independent points gy, g5 ,-.-» §p11 Of ¥V, the number of j’s
(1 < j < r) such that £7g, = 0 (V;), plus the number of x’s in X such that
(Tg)(x) = 0(V¥,), does not exceed n — p — 1.
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THEOREM 2. Let V be an n-dimensional subspace of S. For V to be
p-Tchebycheff, property H(p) is sufficient. Conversely, if T is onto CX, then
property H(p) is necessary for V to be p-Tchebycheff.

Proof. Consider, first, the case S = CX and T = identity map on CX
(r = 0). If X is a closed interval, the result is due to Rubenstein [3, p. 94].
If X is arbitrary, the result follows, e.g., by appropriately modifying the
proof of Rivlin and Shapiro [8, p. 36] to include the cases p > 0.

We will reduce our general case to the above by realizing the normed
space S as a subspace of CX’, in the case of sufficiency, and as equal to CX’,
in the case of necessity, for an appropriately chosen compact set X’. Consider
the set X' = {&}_, U {F.x of linear functionals on S, where
ZLrf = (T )(x). Give {-£*},.x the topology induced by X in the obvious way
and impose on the r elements {#*}7_, the discrete topology. The set X’ with
the sum topology is compact. It follows that the space S with norm

1/1l = max[max | Zf |, || Tf llcx] = supll £ 17 » (T ey ]
= sup | f(x)|

is realized as a subspace of CX’, and the sufficiency result follows.
If TS = CJX, it is clear that the realization of the space S with norm
11|l = supy | f(x")| is all of CX’, and the necessity result follows. Q.E.D.

ExampLE 1. Let B = C° with norm || - ||, , and fix a in R. Let S be the
set of all functions f defined on I U {a} such that /|, is the restriction of a
function in C°I. Let #£Yf=f(a), and let Tf be the unique continuous extension
of fln to I. Let ¥ be the n-dimensional subspace of S consisting of those
elements which coincide on I\{a} with (n — 2)-degree polynomials. By
Theorem 2, it follows that V' is a Tchebycheff subspace.

Exampii 2. Consider the space C'[0, 1} with norm
1Al = max[| f(@)), I /" l.], a0, 1]
Then the space of all linear functions of the form p(x) = cx+ ¢ is a

I-dimensional Tchebycheff subspace.
A further example is given in the following corollary.

COROLLARY 2. Consider C"[b, c] with norm

”f“ = max[lf(a)l, |f(1)(a)‘s"'9 |f(r—1)(a)|’ “f(” Hoo]:
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where a € [b, c]. Let P,, be the subspace of polynomials of degree n or less. Then
if r < n, P, has rank r. Moreover, if p and g are any two best polynomial
approximations to f in C'[b, ¢}, then p\7 = q',

Proof. Here S is the space of the example in Section 1, where B = L*J
with norm || - ||, . It is easily checked that the (n 4 1)-dimensional subspace
P, has property H(r) and so, by Theorem 2, has rank not exceeding r.

We see more, however, from (2) and Corollary 1. If ¥ > n, the corollary is
trivially true; so assume r << n. If fe C"ITbut f¢ P, , then the L of Corollary 1
cannot be of the form 2;:1 ;¥ where Lif = fU-U(q), j = 1,2,...,r. This
follows from (2) and the obvious fact that no nontrivial linear combination
of the {#7};_, can vanish identically on P,. Thus u of Corollary 1 is
# 0, and, so, |[|f" — p'" |, = p = inf| f — A|. Suppose ¢ % p'"', and
|f — g |, = p. We can clearly assume, without loss of generality, that
PN a) = f'Na) = ¢*Na), «=0,1,..,r— 1. But this contradicts the
uniqueness of best approximation of f " by polynomials in P,_, with respect
to | - |l . Note, also, that P, has rank exactly rif r < n. Q.E.D.

Note. 1In [5]and [7] it is shown that the conclusions of Corollary 2 remain
valid if we consider, instead, the equivalent norm

Al = maxllj Ao, | A7 [l 5o [ A7V L]
and make the additional assumption that f be (# 4+ 1)-times differentiable.

3. B 1s STrRICTLY CONVEX

In this section, let B be any strictly convex normed vector space (e.g., the
“LP-spaces,” 1 < p << o0), where “strictly convex” is defined as follows:

DEFINITION. B is strictly convex if || f 4 g || << 2 whenever | f|l = g| =1
and -+~ g.

THEOREM 3. Let V be an n-dimensional subspace of S. For V to be
p-Tchebycheff it is sufficient that dim[V N\ y(T)] < p and the (L), are
linearly independent in V*. Conversely, if p < n— r and T(S) is infinite-
dimensional, the above conditions are necessary for V to be p-Tchebycheff.

Proof. Since V is finite-dimensional, 3 at least one g in V satisfying (1).
Thus, if g, and g, are two best approximations and u 7 0, then
1T — gl = p, i = 1,2, and W(T(f — &) = p(T(f — ) = pll o 1ge
by Corollary 1. Hence, if p = 0, T(f — g,) = T(f — g), since B is strictly
convex [9, p. 300}, and, so, Tg, = Tg,.

Now, if V has rank > p, then Ip 4 2 distinct best approximations
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815835 8psz SUCh that (g,., — g2} are linearly independent. Suppose
the (#7)]., are linearly independent in V*. Then it follows from Corollary 1
and (2) that u =% 0 and, so, from the above we have Tg, = Tg, = - = 7g,.» .
Hence dim[V n n(T)] = p + 1.

For the converse, suppose, first, that the (£7)}_; are linearly dependent
on V. Then 3p -+ 1 linearly independent elements gl » 89 5-es £p41 1NV such
that #ig;, = 0 (V(/,j)). We may assume that ZZ 1 H Tg; HB < 1. Then, if
Z]=1b$ =0 in V*, where Z;=1lb | =1, choose fen(T) such that

Lif = sgnb;, j=12..,r

If L=73,b%, then | L|s+=1, and for any geV, ||f—§| >
| L(f —&)| = | Lf| =3X;, | b;| = 1. On the other hand, for any
€€ ol €| <DL — T eg) = | LfI < 1(1<j < r)and
I T(f — 55 €8lls < Xima [ Tgills < 1. Thus {X71 ;83 | & | < 1} forms
a (p + 1)-dimensional set of best approximations in V' to f, and, so, the rank
of V > p.

Suppose now thatdim[}V N 7(T)] > p. Thatis, 3p + 1 linearly independent
elements g;, gy, 8ppr i VN (T). Let F={j| Lg;, =0 (V)}. Let k
be the number of elements of F. We may also assume | £ig; | < 1 (V(i, j)).
Choose {M7}77,7"* to be linearly independent elements in the dual of some
finite-dimensional space 7(W) containing 7(V). Then the set of linear
functionals {#7},.r U {M'T}?57* is linearly dependent in the dual V* of V.
If not, they would span an (n — p)-dimensional subspace of V* and, thus,
there would be a nontrivial linear combination 35, 1 d; g =gueV¥*r=1V
such that #ig, = 0(jeF)and MiTg, =0(1 <j<n—p— k) is not true,
a contradiction. Thus, 3 scalars b;, jeF, and ¢; (1 <j<n—p —k),
not all zero, such that L' = Y ;. ;%7 + Z'; e g ¢;M;T is zero on V. If all
¢; = 0 then the £7’s are linearly dependent in V*, which case has already
been treated above. Hence we assume that not all ¢, = 0, which implies that
My = }:?;f—k c;M; , as an element of T(W)*, is = 0. Let M be a norm-
preserving extension of this functional from 7T(W) to B. Let a = | M|.
Assume, without loss of generality, that 3 ;. | &; | + a = 1. It follows from
Theorem 1 that if L = Y,z b, + MT, then || L|¢« = 1. Let h be an
element in T(W)with || 2|l < 1 and My (h) = a. (This is possible, since T(W)
is finite-dimensional and, therefore, reflexive.) Pick f’e T-%A}. Next,
pick f; € n(T) such that

Lfy = sgnb; — Lf" (jeF),
while £if; = —Fif' (j¢F,1 <j<r). Letf=f"+f;. Then

Lif=sgnb; (GeF), |Tflz=1Tf"lz=1hllp<1 and |fi<1
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Furthermore, M(Tf) = M(h) = My(h) = a. Then, for any geV,
If— 8N =1 L(f— &) = |Lf — Lg| = | Lf| = | Xjer b;Lf + M(If)| =
Sier | b; | + a = 1. On the other hand, for any ¢, , €5 ..., €,

lei] < ! , A f—%lsigi =|Lif| if jeF
p+1 b}

and
p+1 p+1
lgj(f—-zeigi) = Zeigjgil if jeF, 1<j<r
i=1 i=1

So | LAf—Ti eg)| <1, 1<j<r Ao |T(f—Xiiesgs=
1 Tflls < 1. Thus {¥); €830 <le;| <(p+ 1% forms a (p+ 1)-
dimensional set of best approximations in ¥ of fand, so, the rank of V' > p.

Q.E.D.

ExampLE. Consider the example in Section 1, with B = L?[,1 < p < oo,
and a 5~ 0. Then the n-dimensional subspace of all polynomials of the form
ax" + Ap xS+ o+ a1 x5t has rank not exceeding max[o0, 5]
in S and, in particular, is a Tchebycheff subspace if s is a nonpositive integer.

Note. The strict convexity of B is not needed in the proof of necessity in
Theorem 3.

4. B =11X

In this section, let B = LI, the space of all Lebesgue-integrable functions 4
on I=[b,c]CR, with ||A|, = [|h|=[;|hidx, where dx denotes
ordinary Lesbesgue measure. We also assume in this section that T(S) C Cgl,
the space of real-valued continuous functions on 1.

For a proof of the following lemma see, e.g., [1, p. 219].

LeMMA. Let f and h be elements of Cgl. If f has at most a finite number of
zeros and if [ hsgnf = O, then for some A, [|f— M| < [|f].

In the case r = 0 and T is the identity map, the following theorem reduces
to the well-known Jackson theorem and the proof reduces to that given in
[1, p. 219].

THEOREM 4. Let V be an n-dimensional subspace of S, on which the
(,?f);:l are linearly independent. Then V is Tchebycheff if V has property H(0).
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Proof. Since V is finite-dimensional, 3 at least one g in V, satisfying (1).
By Corollary 1, we obtain

GEL(f—g) =plegl, 1 <j<r, (3)

and
J TG —9)ldx =, @

since u 7~ 0 by (2), and the (,?f);=1 are linearly independent on V.

Suppose g; and g, are best approximations of fin V. Let F = {j | ¢; # 0}.
Then (3) shows that there exist constants a; (je€ F) such that #ig, = q,
(i = 1, 2). Let k be the number of elements in F. Now, since the set of best
approximations is convex, g = #(g; + g;) is also a best approximation.
Hence, by (4), [; (| T(f — &)l — ¥ | T(f — gl — } | T(f — g2)) dx = 0, and,
since the integrand is nonpositive and continuous, it is identically zero.
Suppose T(f — g) has n — k zeros. Then T(f — g;) and T(f — g,) have these
n — k zeros in common and, thus, T( g; — g.) has n — k zeros. Since also
Li( g, — g») = 0(jeF)and V has property H(0), we conclude that g, = g, .

Assume now that T(f — g) has fewer than #» — k zeros. Choose points
b =x, <x < < Xp_p = ¢, including the zeros of T(f — g). Consider
Jhsgn(T(f — g)) = T4 bipih), where, for every i, | b;| = 1 and ¢,(h) =
f::_l h. Then L = Z;:lk b;p;T vanishes on Vi = VN (Njer 7(£79). For
otherwise, by the lemma, for some he ¥V, and A, [| T(f— g — M)| =
JIT(f—g) — ATh| < [| T(f— g)|. Hence, also, for some ¢ >0,
JWT(f—g—M—h) < [|T(f—g)| if eV and || h'|| < e. Further-
more, since the (£7),.r are linearly independent on V, we could pick an 4" ¢ V
suchthatl|#'|| << eand | L(f—g— A — W) < p,jeF.Theng + M+ #
would be a better approximation of f than g, which is impossible. There
exists, therefore, a nonzero p € V; such that ¢(Tp) = 0,i = 1,2,....,n — k.
But 0 = ¢(7p) = f;:_l (Tp)(x) dx implies that Tp has at least one zero in
(xi_1, x:),1 = 1, 2,..., n — k. Thus, by property H(0), p = 0, a contradiction.

Q.E.D.

ExampLEs. Examples 1 and 2 of Section 2 remain valid if we replace C"I
by Cg'7and || - ||, by || - |l; in Example 2, and let B = L[ in Example 1.

5. REMARK ON ANOTHER NORM FOR §
In the case B = L?X, 1 < p < oo, consider on S the new norm

Il = Gl Lo 1P + || TfIp)V?. Then, analogously to the proof of
Theorem 2, S can be realized as a subspace of LPX*, where X* is the space
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described in the proof of Theorem 2. Thus, in particular, if 1 < p < o0,

€V

ery closed subspace of S is a Tchebycheff subspace. If p = 1, then property

H(0) is sufficient for the n-dimensional space V' to be Tchebycheft.

10.
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